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The main result is that the ring of polynomials in any number of variables 
over a commutative absolutely flat ring is coherent. The proof uses the most 
elementary part of G. Hermann’s classical paper, “Die Frage der endlich 
vielen Schritte in der Theorie der Polynomideale.” 
Throughout this paper all rings are commutative and have a unit and all 
homomorphisms are unitary. 
A ring is said to be coherent if all its finitely generated ideals are finitely 
presented (see, e.g., [17]). It is well known (and supported by the results 
of [5] and [18]) that the notion of coherent ring constitutes a good 
generalization of the notion of noetherian ring. It was, however, shown by 
Soublin [17] that the analog of the Hilbert basis theorem fails for coherent 
rings, namely, that the ring of polynomials (in one variable) over a (non- 
noetherian) coherent ring is not always coherent. We shall here try to 
generalize an isolated positive result, also due to Soublin ([16, 17]), according 
to which the ring of polynomials in one oariable over an absolutely flat (i.e., 
won Neumann regular) ring is coherent. 
In Section 1, we show that the ring of polynomials in an arbitrary number 
of variables over an absolutely flat ring is coherent. The proof is based on two 
results of Hermann on bounds in polynomial ideals over afield [7]. 
The remainder of the paper is devoted to two somewhat related questions: 
In Section 2 we discuss the conjecture of whether rings of polynomials over 
a semihereditary ring are coherent. In Section 3 we investigate the possibility 
of extending part of Hermann’s work to general rings. 
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1. COHERENCE OF POLYNOMIAL RINGS OVER AN AFSOLUTELY FLAT RING 
Let R be an absolutely flat ring. For proving that the ring of polynomials 
in an arbitrary number of variables over R is coherent, it suffices by a 
standard direct limit argument (cf. [17, Proposition 201) to consider the 
case of polynomial rings in a finite number of variables over R. Let 
R[X, ,..., X,] be such a ring. The following proposition allows us to restrict 
ourselves to the case in which R is a direct product of fields: 
PROPOSITION 1. Let A be a subring of a ring B such that the A-module B 
is faithfully jut. If the ring B is coherent, then the ring A is also coherent.l 
Proof. Let I be a finitely generated ideal of A. Since the A-module B 
is flat, the B-module B a,, I can be identified with an ideal of B. If B is 
coherent, then the B-module B @A I is finitely presented. By [2, Chapter 1, 
Section 3, Proposition Ill, this is the case (if and) only if the A-module I 
is finitely presented. Q.E.D. 
Since R is absolutely flat, it is well known (cf. [l, Section 6, ex. 17, p. 761) 
that R can be embedded in the direct product S = His, ki of a family of 
fields (k& . It is plain that the R-module S is faithfully flat. By [2, Chapter 1, 
Section 3, Proposition 5), it follows that the R[X, ,..., X,1-module 
S[Xl ,-**a x,1 is faithfully flat. By Proposition 1, we may therefore assume 
that R coincides with the direct product I-Iic, ki of a family of $elds (ki)i,, . 
Notation. We denote by N the set of natural numbers. For every 
polynomial f we denote by af the (global) degree off. 
We will use the two following results due to G. Hermann (cf. [7, Satz 3 
and Satz 2 and their proofs]): 
(H) There exists a function 01: N4 ---f N such that, for every field k, for 
every $nite sequence (PI , . . . , P,) of length m of elements of k[X, ,..., X,], for 
every positive integer p ver$jing p 3 aP, (1 < i < m) and every polynomial 
Q of degree q of k[X, ,..., X,], the polynomial Q belongs to the ideal generated by 
Pl ,a**, P,} if and only if there are polynomials Q1 ,..., Qm of k[X, ,..., X,J 
versfying Q = xz1 P,Q, and of degree <a(m, n, p, q). 
(H’) There exist two functions l9: FV --f N and y: IV --+ N such that, for 
every field k, for every finite sequence (P1 ,..., P,) of length m of elements of 
W, >..a, &I, and for every positive integer p versjjting p > aPi (1 < i < m), 
1 A generalization of Proposition 1 is discussed at the end of the paper. 
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the kernel of the k[X, ,..., XJZinear homomorphism h: (k[X, ,..., X,])” + 
k[X, s..., Xn] dejined by 
NQ, >..., Qm)> = 5 PiQt 
i=l 
is generated, as a k[X, ,..., X&module, by y(m, n, p) elements 
&i = (811 ,***T Qim) (1 < i G r(w 11, P)) 
having all their components Qij of degree +3(m, n, p). 
We can now prove that R[X, ,..., X,] is coherent. For every j~1 we 
denote by pj the projection of R onto kj and by 5 the homomorphism of 
R[X, ,..., X,] onto kj[Xl ,..., X,] induced by pj . Let (PI ,..., Pm) be a finite 
sequence of length m of elements of R[X, ,..., X,]. We denote by Pji the 
polynomial &Pi) of kj[XI ,..., X,]. Let p be a positive integer >,aPi 
(1 < i < m). According to (H’) (and with the notations of (I-I’)), the kernel 
Kj of the kj[Xl,..., X,1-linear homomorphism hj : (kj[Xl ,..., X,J)” -+ 
kj[X, ,a.., X,J defined by 
hj((Ql v*-, Qm)) = il PjiQi 
is generated, as a kj[Xl ,..., X,1-module, by r(m, n, p) elements 
having all their components Qkji of degree </3(m, n, p). For every 
k E 11, y(w n, P)I we denote by &k the element ((Qk& ,-., (Q.&jc~) of 
(RF’, ,..., X,J)m. We claim that the kernel K of the R[X, ,..., X&linear 
homomorphism h: (R[X, ,..., X,])” -+ R[X, ,..., X,] defined by 
NC% ,..a> S,)) = -f Pi& 
61 
is generated, as a R[X, ,..., X,1-module, by the finite set {&k}lGle(,,(m,n,9) . 
It is obvious that each & belongs to K. For every element $ = (Si)icicm 
of K we denote by Sji the polynomial p3(Si) of kj[XI ,..., XT]. According to 
(H), and since Sj = (S.ji)r<i<m belongs to Kj , there exist polynomials 
T%j (1 < k < r(m, n, p)) of kj[X, ,..., X,] such that 
vbn.n.d 
3, = &kdSm = zl TdLj ; aTw < 4r(m, n, P), n, B(m, u, P), r), 
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where r denotes a positive integer >aSi (1 < i < m). Let Tk denote the 
polynomial (T&, of R[X, ,..., X,] (this is the second appearance of an 
abuse of notation). We clearly have 
vh,n,d 
s = 1 T,.., . 
k-l 
We have thus proved that every finitely generated ideal of R[X, ,..., X,] is 
finitely presented, i.e., that R[X, ,..., X,J is coherent. For further reference 
we state 
THEOREM 1. The ring of polynomials in an arbitrary number of variables 
over an absolutely flat ring is coherent. 
2. A CONJECTURE 
It is well known that an absolutely flat ring is semihereditary. In view of 
Theorem 1, it is then perhaps reasonable to consider the following: 
Conjecture. The ring of polynomials in an arbitrary number of variables 
over a semihereditary ring is coherent. 
Although we have been unable to prove or disprove this conjecture, 
we will present here some partial results which support it. 
We recall a few classical definitions and facts. A valuation ring is a domain 
whose lattice of ideals is linearly ordered. A Priifer ring is a domain of all 
whose local rings are valuation rings. A domain is a Prtifer ring if and only if 
it is semihereditary. A short exact sequence of modules ispre (in P. M. Cohn’s 
sense) if it remains exact upon tensoring by an arbitrary module. It is well 
known that a short exact sequence of modules is pure if and only if it remains 
exact upon tensoring by an arbitrary finitely presented module. 
PROPOSITION 2. For every ring R, the canonical embedding of R into the 
direct product n, R,,, of its local rings makes R a pure R-&module of n,,, R,,, . 
Proof. Let M be a finitely presented R-module. The functor M @ 
commutes with direct products [9] and yields, when applied to the map 
R -+ n+,, R,,, , the canonical embedding of M into the direct product n, M,,, 
of its localized modules (cf. [2, Chapter 2, Section 3, Corollary 21). Q.E.D. 
COROLLARY 1. Let R be a ring of global weak dimension < 1. Then eerery 
local ring of R is a valuation ring; if, firthermore, R is coherent (in which case 
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R is semihereditary), then the direct product JJ,, R, of the local rings of R is 
a faithfully flat R-module. 
Proof. The first assertion follows from the following two facts: A local 
ring is a valuation ring if and only if its finitely generated ideals are free; 
every finitely generated flat module over a local ring is free. By Proposition 2 
and [2, Chapter 1, Section 3, Proposition 91, the second assertion amounts 
to saying that n,,, R, is a flat R-module, which holds for all coherent rings. 
COROLLARY 2. The two following assertions are equivalent: 
(1) The ring of polynomials in an arbitrary number of variables over a 
semihereditary riq is coherent. 
(2) The ring of polynomials in an arbitrary number of variables over a 
direct product of valuation rings is coherent. 
Proof. (2) z- (1): Th’ IS is an immediate consequence of Proposition 1 and 
Corollary 1 (cf. the reduction performed in the previous section). 
(1) z- (2): It suffices to note that a direct product of valuation rings is 
semihereditary. More generally, it is true (and probably “well known”) 
that the class of semihereditary rings is closed under arbitrary direct products. 
Here is a non-orthodox proof: One first checks that the class of semihereditary 
rings is closed under finite direct products; one then notices that the class of 
semihereditary rings is the class of models of a set of first order sentences 
(this is really straightforward and, in any case, is proved in [5a]), which 
allows us to apply a classical theorem of Feferman and Vaught [6] and to 
conclude that it is closed under arbitrary direct products. 
In view of Corollary 2, it is natural to try to check the conjecture for the 
case of valuation rings. One has, in fact, the following result: 
PROPOSITION 3. The ring of polynomials in an arbitrary number of variables 
wer a Priifer ring is coherent. 
Proof. Let R be a Priifer ring. It is enough to show that, for any positive 
integer n, the ring of polynomials in n variables R[X, ,..., X,l is coherent. 
By [14, Theorem 3.4.61, more precisely by a down-to-earth version of it, 
one has the following: For any domain A and any ring A’ containing A 
which is finitely presented as a A-algebra, any finitely generated A’-module 
which is flat as a A-module is a finitely presented A/-module. Every ideal 
of R[X, ,..., X,l is a torsion-free R-module and hence is flat as a R-module 
(over a Priifer ring torsion-free = flat). It follows that R[X, ,..., X,] is a 
coherent ring. 
More can be said for polynomial rings in one variable over a valuation ring. 
48x/31/3-8 
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COROLLARY 3. The ring of polynomials in one variable over a valuation 
ring is un$ormly coherent; more generally, for any family ( Vi)isr of valuation 
rings, the ring niE, (VJX]) is uniformly coherent. 
Proof. For the notion of uniform coherence, we refer to Soublin [17]. 
Since the class of uniformly coherent rings of a fixed “module of coherence” 
is closed under arbitrary direct products (indeed it is the class of models of a 
set of first order sentences and it is closed under finite direct products), it 
suffices to prove that there exists a function CL: N --f N such that, for any 
valuation ring I/’ and any positive integer n, any ideal of V[X] which is 
generated by n elements is isomorphic, as a V[X]-module, to the quotient of 
(V]X])n by a submodule generated by p(n) elements. We will show that one 
can take for p the identity function. Indeed let I be an ideal of V[x] generated 
by n elements. Since the global weak dimension of V is at most equal to 1, 
then the global weak dimension of V[X] is at most equal to 2 [8] and I is 
isomorphic to the quotient of (V[Xj)” by a flat submodule K. Since V[x] 
is coherent (Proposition 3), K is finitely generated. It is well known that 
finitely generated flat modules over a domain are projective. It then follows 
from a recent result of Vasconcelos and Simis [I91 that K is free. It is well 
known (and very easy to prove, since any commutative ring is a directed union 
of noetherian rings) that, for any commutative ring R, any free R-module &Z, 
and any free submodule N of iw, the cardinality of any basis of N is at most 
equal to the cardinality of any basis of M, which shows that K admits a 
generating subset of cardinality n. Q.E.D. 
We have been unable to exploit Corollary 2 and Corollary 3 in order to 
prove the conjecture. It is not possible to imitate in a straightforward fashion 
the procedure followed in Section 1 since, as will be seen in the next section, 
the uniform bounds provided for fields by Hermann’s theorems are no longer 
available. One has, however: 
PROPOSITION 4. Every ideal generated by at most two elements of the ring 
of polynomials in a= arbitrary number of variables over a semikereditary ring 
is finitely presented. 
Proof. A now familiar argument shows that it is enough to consider 
rings of polynomials in an arbitrary number of variables R[X,] over the 
direct product R = nisr Vi of a family of valuation rings. Let f and g denote 
two non-zero elements of R[XJ. We want to show that the ideal (f, g) is 
finitely presented. Let fi (respectively, ga) denote the “projection” of f 
(respectively, g) on V,[XJ (cf. the proof of Theorem 1). By [3, Section 1, 
ex. 21 and 231, Vd[X,] is a pseudo-Bezoutian ring, namely, a domain in which 
any two elements have a LCM (least common multiple). Let m, denote the 
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LCM of fi and gi . There are in V,[XJ unique polynomials hi and Ki such 
that f,h, = gik, = mi : Since the degrees of the polynomials h, (respectively, 
ki) are bounded, there exist in R[X,] a unique polynomial h (respectively, K) 
whose projection on V,[X,] coincides with hi (respectively, ki) for every 
ill. Let E denote the cyclic submodule of (R[X# generated by (h, --K). 
It is easy to check that I is isomorphic to the R[X,]-module (R[X,1)2/E. 
Q.E.D. 
3. CONCLUDING RE~RKS 
In this final section we investigate various generalizations: 
(a) Hermann’s results. Th e o f  11 owing proposition shows that it is not 
possible to extend in a straightforward fashion (H) to domains which are not 
fields. 
PROPOSITION 5. Let R be a ring without nilpotent elements. The two 
following conditions are equivalent: 
(1) R is absolutely jut. 
(2) There exists a function 9: IV* + N such that, for every positive integer n, 
for every finite sequence (PI ,..., P,) of length m of elements of R[X, ,..., X,], 
for every positive integer p verifritlg p > aPi (1 < i < m), and every 
polynomial Q of degree q of R[X, ,..., X,], the polynomial Q belongs to the ideal 
generated by {PI ,..., P,} if and only ;f there are polynomials Q1 ,..., Qm of 
RF, >...> X,] verifying Q = c:, P,Q, and of degree <p(m, n, p, q). 
Proof. (1) G- (2): We assume R absolutely flat. R can be embedded 
in the direct product nIisl ki of a family of fields. Furthermore R is a pure 
R-submodule of I&, k, , which implies that, for every positive integer n, 
R[X, ,..., &I is a pure R[X, ,..., X,J-submodule of [I&, KJ[X, ,..., X,J. 
Taking into account the well-known “equational” characterization of purity 
(see, e.g., [2, Chapter 1, Section 2, ex. 24]), one easily sees that one can 
assume R = nIIEI ki , in which case (2) follows from the original assertion 
(H). We have in fact shown that one can take for 9, the function 01 of (H) 
(which works for all absolutely flat rings). 
(2) q (1): Let a be an arbitrary element of R. We consider the following 
elements of R[X’j : P = aX + 1; Ph = ah (h > 0). One has obviously 
Ph = ahP - XP,,, for every h > 0. 
In particular, for any element P’ of the set (PhjhaO, the polynomial 1 
belongs to the ideal generated by P and P’. We now assume that (2) holds and 
put k = ~(2, 1, 1, 0). There are polynomials Q and Qk+r in R[X] of degree 
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at most k such that 1 = PQ + Pk+,Qk+l . A simple computation then shows 
that there exists an x in R such that &+l = u~+~x. So R is a strongly (k -r l)- 
regular ring and must be absolutely flat since it has no nilpotent element 
(cf. [3, Section 6, ex. 181). Q.E.D. 
There is another setting in which one can expect to generalize (H). A 
consequence of (H) is that any finitely generated ideal of the ring of 
polynomials in a finite number of variables over a computable field [13] is 
computable. One can try to extend this result to restricted classes of com- 
putable rings, and, in fact, it was recently shown that any finitely generated 
ideal of the ring of polynomials in a finite number of variables over the ring 
of integers is computable [12, p. 88; 151. We do not have any significant 
results on that problem. 
(b) Uniform coherence. One can ask whether for R absolutely flat or 
Prtifer the ring of polynomials R[X] is uniformly coherent. It is easy to see 
that this is the case for R absolutely flat. In fact, by a result of [4], R[X] is 
then semihereditary since it is coherent (by Theorem 1 or Soublin’s original 
result) and of global weak dimension 1 [8]. 
(c) A systematic investigation of descent properties of purity appears in [ 141 
and [l 11. It is perhaps worth pointing out that, if A is a subring of a coherent 
ring B such that A is a pure A-submodule of B, then A need not be a coherent 
ring. It suffices to take for A any ring of global weak dimension <l which is 
not coherent (an example of such a ring is given in [lo]). By Proposition 2, 
Corollary 1 and the proof of Corollary 2, there exists an embedding of A into 
a semihereditary ring B which makes A a pure A-submodule of B. This 
shows that, contrary to most cases discussed in [14] and [ll], one cannot 
replace in Proposition 1 “faithfully flat” by “pure.” 
In the same vein we note the two following easy facts: 
(i) Any elementary substructure of a coherent2 ring is a coherent ring 
(of course, ultrapowers of coherent rings need not be coherent). 
(ii) Jf A is a subring of a noetherian2 (respectively, artinian2, respectively 
valuation) ring and if A is a pure A-submodule of B, then A is a noetherian 
(respectively artinian, respectively valuation) ring (cf. [2, Chapter 1, Section 3, 
p. 50, Corollary]). 
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